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Abstract. A finite-temperature effective free energy of the boundary of a quantized
thermal Hall system is derived microscopically from the bulk two-dimensional Dirac
fermion coupled with a gravitational field. In two spatial dimensions, the thermal Hall
conductivity of fully gapped insulators and superconductors is quantized and given
by the bulk Chern number, in analogy to the quantized electric Hall conductivity
in quantum Hall systems. From the perspective of effective action functionals, two
distinct types of the field theory have been proposed to describe the quantized thermal
Hall effect. One of these, known as the gravitational Chern-Simons action, is a kind
of topological field theory, and the other is a phenomenological theory relevant to
the Streˇda formula. In order to solve this problem, we derive microscopically an
effective theory that accounts for the quantized thermal Hall effect. In this paper,
the two-dimensional Dirac fermion under a static background gravitational field is
considered in equilibrium at a finite temperature, from which an effective boundary
free energy functional of the gravitational field is derived. This boundary theory is
shown to explain the quantized thermal Hall conductivity and thermal Hall current in
the bulk by assuming the Lorentz symmetry. The bulk effective theory is consistently
determined via the boundary effective theory.
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1. Introduction
Topology of the energy band structure in insulators and superconductors emerges in
transport phenomena, and the topological number can be detected as a transport
coefficient[1, 2]. The electric Hall conductivity is quantized and given by the Chern
number of the occupied wave functions in two-dimensional band insulators[3, 4]. The
Chern number is nonzero when an electronic system is in time-reversal symmetry
broken topological phases. Similarly, two-dimensional insulators and superconductors
show the quantized thermal Hall effect in time-reversal symmetry broken topological
phases[5]. This similarity between electric and thermal responses reflects a parallel
between topological insulators in symmetry class A and topological superconductors in
symmetry class D, both of which are characterized, in two dimensions, by the Chern
number of the filled energy bands[6, 7, 8].
Topological quantum field theories are efficient descriptions and characterizations of
topological phases. Effective actions for the external electromagnetic and gravitational
fields are given in terms of topological terms and attributed to quantum anomalies
[9, 10]. They can be used to discuss the classification of topological insulators
and superconductors in arbitrary dimensions[11, 12, 13]. Quantized electromagnetic
responses, including the quantum Hall effect in two dimensions, can be viewed as
responses resulting from the Chern-Simons action functional. For the case of the
electromagnetic field, the Chern-Simons action is given as
SEM[A] =
Ce2
4π
∫
d3x ǫµνρAµ∂νAρ (1)
in the (2+1)-dimensional space-time, where C is the Chern number (here and henceforth
natural units with c = ~ = kB = 1 are used). On the other hand, the quantized
thermal Hall effect has been predicted to occur in a weak pairing phase of the chiral
p-wave superconductor in Ref. [5], which is considered to be a realization of a two-
dimensional time-reversal symmetry broken topological superconductor. In analogy with
the electromagnetic response, it has been claimed that the quantized thermal response
of topological superconductors is described by the gravitational Chern-Simons action[5]
SG[ω] =
C
96π
∫
d3x ǫµνρ tr
(
ωµ∂νωρ +
2
3
ωµωνωρ
)
, (2)
where ωµ is the spin connection. In recent years, space-time curvature is widely used
to study characteristic responses of topological materials[14, 15, 16]. The gravitational
Chern-Simons action is associated with the gravitational anomaly in (2+1) dimensions
[9, 10, 17], and can be microscopically derived from the (2+1)-dimensional massive Dirac
fermion coupled with the background gravitational field at zero temperature[18, 19, 20].
However, it has been noted that a thermal Hall current in the bulk cannot be created by
a uniform gravitational field gradient as a response derived from the gravitational Chern-
Simons action[21]. Therefore, while the coefficient of the gravitational Chern-Simons
term (“the chiral central charge”) is related to the quantized thermal Hall conductance,
the quantized thermal transport and the gravitational Chern-Simons term appear to
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be more remotely related then the quantized electromagnetic response and the U(1)
Chern-Simons term.
An inhomogeneous temperature field driving thermal transport is effectively
realized by a gravitational potential field φ through the Luttinger’s phenomenological
argument using the Tolman-Ehrenfest relation[22]
1
T
∂T = ∂φ. (3)
Owing to the relation jT = jE − (µ/e)jC , the thermal current jT is identified as the
energy current jE when the charge current jC does not contribute at zero chemical
potential µ = 0, which is true for superconductors. A thermal current induced by a
temperature gradient is then equivalent to an energy current induced by the space-time
metric gµν .
From the phenomenological point of view, an analogy between the electric and the
thermal transport holds. The Wiedemann-Franz law connecting the electric and the
thermal Hall conductivity for the Dirac fermion[23, 24, 25] has been proved to be
κH =
π2
3
T
e2
σH . (4)
Note that in the case of topological superconductors, the coefficient is half of that in (4)
since a Majorana fermion, a quasi-particle in a topological superconductor, is half of a
complex fermion. Based on the phenomenological analogy of the Hall conductivity, an
effective free energy for the quantized thermal Hall effect
jkT = κHǫ
kl∂lT (5)
of a Lorentz invariant system has been proposed as[24]
F [φ,Ω] ∝ κHT
v2
∫
d2xφΩ, (6)
where Ω is the angular velocity of the system in a rotating frame, and κH = Cπ
2T/6π is
the thermal Hall conductivity for insulators whose occupied energy bands have a total
Chern number C, and v is the Fermi velocity of the Dirac fermion. This form of the
phenomenological effective free energy (6) can be realized when we consider a metric
in a rotating frame with a gravitational potential. So far, a action or a free energy
of the gravitational field that accounts for the quantized thermal Hall effect has not
been derived directly from fermionic models of topological insulators and topological
superconductors.
In this study, an effective free energy functional of the gravitational field is derived
microscopically from the two-dimensional massive Dirac fermion coupled with the static
gravitational field. The effective free energy is derived by the following procedure. First,
we consider the gapless boundary fermion, which is a manifestation of the Dirac fermion
with nontrivial bulk energy band topology. Then an effective free energy of the boundary
theory is calculated by the field theoretical method. We also consider the bulk thermal
Hall current and a bulk effective field theory.
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This paper is organized as follows. As a preliminary to the main contents of
this study, phenomenological theory of the quantized thermal Hall effect is reviewed
in Sec. 2.1, and a microscopic model studied in this paper is introduced in Sec. 2.2.
In Sec. 3.1 the two-dimensional bulk fermion Hamiltonian is projected onto the one-
dimensional boundary to give the boundary fermion Hamiltonian, and, in Sec. 3.2, the
boundary effective free energy is calculated from the boundary fermion. In Sec. 3.3, the
quantized thermal Hall conductivity is derived from the boundary theory. In Sec. 4.1,
the thermal Hall current of the two-dimensional gapped bulk are deduced from the
boundary effective free energy. In Sec. 4.2, the bulk effective free energy is conjectured
from the expression of the bulk thermal current. We give discussion about our results
in Sec. 5 and summarize our conclusions in Sec. 6.
2. Preliminaries
2.1. Phenomenology
In this subsection, we briefly review the phenomenology of the thermal Hall effect[23, 24]
of a Lorentz invariant system in two dimensions. Quantized thermal (energetic) Hall
current in a two-dimensional fully gapped topological insulator and superconductor
is phenomenologically defined in analogy with the quantized part of the electric Hall
current in the quantum Hall system. The electric Hall current is defined by
jC = σH zˆ×E, (7)
where zˆ is the unit vector pointing the out-of-plane direction. Combining (7) with the
Streˇda formula[26] for the quantized electric Hall conductivity, given by the derivative
of the magnetization with respect to the chemical potential
σH = −e∂M
z
∂µ
, (8)
and a phenomenological relation eE = −∂µ, we have obtained the relation
jC = ∂µ× ∂M
∂µ
. (9)
The electric current (9) can be regarded as a magnetization current jC = ∂ ×M , if we
assume that the magnetization varies according to variation of the chemical potential.
Similarly, by using the Streˇda formula for the quantized thermal Hall conductivity[24],
given by the derivative of the energy magnetization ME with respect to temperature
κH = −∂M
z
E
∂T
, (10)
the thermal Hall current
jE = −κH zˆ× ∂T (11)
can be identified with the energy version of the magnetization current[23] jE = ∂×ME ,
when the energy magnetization changes through variation of temperature as
jE = ∂T × ∂ME
∂T
. (12)
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Note that M and ME have only z-component. This fact implies that the thermal Hall
current in a fully gapped system can be described in terms of the magnetization type
energy current caused by the energy magnetization.
Lorentz invariance of the fermionic system gives rise to a symmetry of the energy-
momentum tensor with respect to permutations of the indices. The energy momentum
tensor has the form of
T µν =

 ǫ j
1
E/v j
2
E/v
vπ1 Σ11 Σ12
vπ2 Σ21 Σ22

 , (13)
where ǫ is the energy density, πj is the momentum density, and Σjk is the stress tensor.
The symmetry of the tensor gives the equation jE = v
2pi, and then it leads to an
equality between the energy magnetization MµνE = 〈xµjνE − xνjµE〉/2 and the angular
momentum Lµν = 〈xµπν − xνπµ〉 as
MµνE = v
2Lµν/2, (14)
where MzE =M
12
E and L
z = L12. Here 〈· · ·〉 indicates evaluating an operator in thermal
equilibrium at temperature T . Substituting the equation (12) and (14) into the definition
of the thermal Hall coefficient, we obtain
κH = − j
x
E
∂yT
= −v
2
2
∂Lz
∂T
= − v
2
2T
∂Lz
∂φ
, (15)
where in the last equality of (15), the relation (3) is used. The angular momentum is
the conjugate field of the angular velocity Ω, and is given by variation of the free energy
as Lz = −δF/δΩz . The free energy functional for the thermal Hall effect is given by
F [φ,Ω] = −
∫
d2xLzΩ =
∫
d2x
2κHT
v2
φΩ. (16)
Corresponding electromagnetic free energy is the electromagnetic Chern-Simons term
with gauge fixing FEM ∝ σH
∫
d2xA0B
z. The free energy FEM represents an quantized
electric Hall response, that is, an electric current is induced by a magnetization given
by Mz = −δFEM/δBz.
2.2. Two-dimensional Dirac fermion under gravitational field
The Dirac fermion with the Fermi velocity v is invariant under the Lorentz
transformation which preserves the line element
ds2 = (vdt)2 − dx2 − dy2. (17)
Introducing the three coordinates xµ = (vt, x, y), a metric representing a system under
a gravitational potential φ rotating with an angular velocity Ω is given by[27]
gµν =

 1 + 2φ Ωy/v −Ωx/vΩy/v −1 0
−Ωx/v 0 −1

 , (18)
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up to linear order in φ and Ω. The effective field theory addressed in this paper is the
free energy functional of the metric that results from the two-dimensional Dirac fermion
coupled with the gravitational field. In the following, we proceed with a general metric
form, and the metric (18) is substituted into the expression when the Tolman-Ehrenfest
relation (3) is used to mimic temperature gradient.
The two-dimensional Dirac fermion Hamiltonian coupled with the gravitational
field is separated into the flat and the remaining parts as follows. Deviation of a curved
space-time metric from the flat Minkowski space-time is defined by
gµν = ηµν + hµν . (19)
We use the sign convention ηµν = diag(+1,−1,−1). The metrics gµν and ηµν are related
by a triad field eαµ with the equation
gµν = e
α
µe
β
νηαβ . (20)
When a deviation is small enough (hµν ≪ 1), we can write the triad field in terms of
h as eαµ ≃ δαµ + hαµ/2. Subscripts and superscripts of hµν are raised and lowered by
ηµν and its inverse η
µν , like hαµ = hνµη
αν . The inverse and the determinant of the triad
field are given, up to linear order in h, by
e µα ≃ δµα − h µα /2, (21)√
g =
√
det gµν = det(e
α
µ) ≃ 1 + h/2, (22)
where h = hµµ. The inverse of the triad satisfies e
α
µe
ν
α = δ
ν
µ, e
α
µe
µ
β = δ
α
β , and
e µα e
ν
β gµν = ηαβ. The gamma matrices on the curved space-time γ
µ satisfy the
anticommutation relation {γµ, γν} = 2gµν . γµ is related to the gamma matrices on
the flat space-time γα by
γµ = e µα γ
α, (23)
where γα satisfies the relation {γα, γβ} = ηαβ.
The action of the (2+1)-dimensional Dirac fermion coupled with a gravitational
field is
S =
∫
dtd2x
√
g ψ¯
[
ivγµ∇µ −m
]
ψ. (24)
Here the covariant derivative ∇µ of the spinor field is given by ∇µψ = (∂µ−ωµ)ψ, where
the connection is given by ωµ = −γαβω αβµ /4, using γαβ = [γα, γβ]/2 with γα = ηαβγβ,
and
ω αβµ = e
β
νg
νλ(∂µe
α
λ − Γρµλeαρ). (25)
The local Hamiltonian H is defined by
S =
∫
dtd2x
√
g ψ†γ0γ0 (i∂t −H)ψ. (26)
Then the Hamiltonian of the two-dimensional Dirac fermion coupled with a gravitational
field is written as
H =
∫
d2xψ†
√
gγ0γ0Hψ
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=
∫
d2xψ†
√
g
[
ivγ0γ0ω0 − ivγ0γj∇j +mγ0
]
ψ (27)
≃
∫
d2xψ†[H0 + U ]ψ. (28)
Latin indices in (27) run over the spatial dimensions (j = 1, 2) and Greek indices run over
both temporal and spatial dimensions (α = 0, 1, 2). Matrix element of the unperturbed
Hamiltonian is given by
H0 = −ivγ0γj∂j +mγ0. (29)
The perturbation Hamiltonian consists of two parts U = H1 +H2; one from variation
of the triad and metric in (27), and the other from the spin connection. The matrix
elements of the perturbation terms are, respectively,
H1 = (h/2)H0 + iv(h jα /2)γ0γα∂j , (30)
H2 = −(iv/4)γ0γµγαγβ · ω(1)µ αβ, (31)
where ω
(1)
µ αβ is a part of ωµ αβ = ηαγηβδω
γδ
µ that contains at most linear order in h
α
ν ,
and we have used ωµ αβ = −ωµ βα. Later the second perturbation term (31) will be
dropped out since it does not contribute to the finite temperature free energy. Although
the original Lagrangian has the Lorentz invariance, symmetries of the Hamiltonian (29)
and (30) are reduced down to the SO(2) rotational invariance in the x1-x2 plane. Time-
reversal symmetry and parity symmetry are broken by the mass term.
3. Effective theory at the boundary
In the (2+1)-dimensional space-time, the Chern-Simons action is induced by the parity
breaking mass term of the Dirac fermion. The Chern-Simons action of the U(1) gauge
field is derived as an effective action by tracing out the Dirac fermionic degrees of freedom
of the action of the (2+1)-dimensional Dirac fermion coupled with an electromagnetic
field[28, 29, 30]. Similarly, the gravitational Chern-Simons action, the Chern-Simons
action of the spin connection, is derived by tracing out the fermionic degrees of freedom
of the action of the Dirac fermion coupled with the gravitational field[18, 19, 20].
When the theory of induced Chern-Simons terms is extended to a finite temperature
system by considering the imaginary time, the induced theory gives the partition
function and the free energy of the gauge fields. However, if the fermionic system is
fully gapped, temperature dependent part of the free energy is exponentially suppressed
by the factor e−β|m|, where β is the inverse temperature and |m| is the magnitude of
the gap[31, 32]. The effective free energy of the quantized thermal Hall effect will
not be given in this way, since the quantized thermal Hall conductivity is linearly
dependent on temperature. Therefore in order to derive the finite-temperature effective
free energy for the quantized thermal Hall effect, we, at first, consider the gapless
boundary fermion, the existence of which is guaranteed by the nontrivial energy band
topology of gapped fermionic systems. The effective free energy of the gravitational field
for the one-dimensional boundary modes is calculated by the field theoretical method.
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This calculation procedure seems consistent with the fact that the boundary theory is
legitimate to study the quantized thermal Hall effect[33].
For the purpose of deriving a finite temperature effective free energy, we consider
the finite temperature path integral. Tracing out fermionic degrees of freedom of the
density matrix gives an effective free energy functional of the gravitational field as
exp(−βF [h]) =
∫
Dψ†Dψ exp(−βH [ψ†, ψ, h])
=
∏
n
DetG−1(iωn), (32)
where G(iωn) = 1/(−iωn + H0 + U) is the temperature Green’s function with the
Matsubara frequency for fermions ωn = (n + 1/2)2π/β (n ∈ Z), and Det is taken for
the Hilbert space on the two-dimensional space and 2 × 2 matrix degrees of freedom.
Expanding the temperature Green’s function with respect to U , we obtain
lnG−1 = lnG−10 + ln(1 + G0U)
= lnG−10 +
∞∑
l=1
1
l
(G0U)l, (33)
where G0(iωn) = 1/(−iωn + H0) is the temperature Green’s function in the flat
space-time. Then expansion of the effective free energy with respect to hµν , that is
F =
∑∞
l=0 F
(l), is given by
− βF (0) =
∑
n
Tr lnG−10 , (34)
− βF (l) = 1
l
∑
n
Tr (G0U)l , (35)
where the identity lnDet = Tr ln is used, and Tr is taken for the same Hilbert space as
Det. F (0) is independent of the gravitational field and gives only a constant, and the
second order perturbation term F (2) is the focus of this paper.
3.1. Boundary fermion
In two-dimensional space, consider a boundary at x1 = 0 between a gapped bulk
at x1 < 0 with mass m and that at x1 > 0 with mass −m. The boundary is
extended to an entire x2 space. The masses in the two gapped semi-infinite regions
are smoothly connected by introducing an x1-dependent mass term, whose sign changes
at the boundary (sgn[m(x1 < 0)] = −sgn[m(x1 > 0)]). Since the Chern number at both
side of the boundary differs by unity, the boundary hosts a single chiral boundary mode
of the massless Dirac fermion. The unperturbed Hamiltonian (29) is decoupled into
the x1- and the x2-dependent parts. The wave function of the boundary mode of the
Hamiltonian (29) is a product of a plane wave of the x2-coordinate and a two-components
spinor wave function of the x1-coordinate satisfying(−ivγ0γ1∂1 +m(x1)γ0)ψ0(x1) = 0. (36)
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Formally the solution of (36) is given by
ψ0(x
1) = 〈x1|ψ0〉 = 1√N exp
[
iγ1v−1
∫ x1
0
dx′
1
m(x′
1
)
]
|s〉, (37)
where we have used an identity (γ1)2 = η11 = −1, and the normalization constant
is defined by N = ∫ dx1ψ†0(x1)ψ0(x1) = 〈ψ0|ψ0〉. Here, |x1〉 is an eigenstate vector
of the position operator xˆ1 in the Hilbert space on the x1-coordinate, and |ψ0〉 is the
boundary state vector of the Hilbert space on x1-coordinate with the spinor degrees of
freedom. The two component spinor |s〉 corresponding to edge bound states satisfies
iγ1|s〉 = sgn(m)|s〉, where sgn(m) indicates the sign of the mass in x1 < 0, while the
spinor satisfying iγ1|s〉 = −sgn(m)|s〉 corresponds to states that cannot be normalized.
By using the relation γµγν = ηµν − iǫµνργρ, the condition on |s〉 can be rewritten in a
convenient form, γ0γ2|s〉 = −sgn(m)|s〉.
Next, we consider the Hamiltonian of the gapless boundary states resulting from the
bulk Hamiltonian by projecting the Hilbert space on the x1-coordinate onto that of the
boundary mode. The projected Hamiltonian is given by defining the projection opeartor
P = |ψ0〉〈ψ0| as P †HP . In the following, the x2-dependent part H˜ ≡ 〈ψ0|P †HP |ψ0〉 =
〈ψ0|H|ψ0〉 of the projected Hamiltonian is referred to as the boundary Hamiltonian.
The boundary Hamiltonian for the unperturbed bulk Hamiltonian (29) is
H˜0 ≡ 〈ψ0|H0|ψ0〉
= 〈s| − ivγ0γ2∂2|s〉
= iv sgn(m)∂2. (38)
Also we consider the projection of the perturbation term (30) onto the boundary mode.
For convenience, the width of the boundary states in the x1-direction is tuned to be
narrow enough so that typical length scale of the gravitational field is much longer than
the width of the boundary states. This situation allows us to use an assumption that the
metric depends only on x2 near the boundary. Then x1 and x2 is completely decoupled
in the boundary Hamiltonian. The boundary Hamiltonian for the second term of the
perturbation term (30) is
〈ψ0|iv(h jα /2)γ0γα∂j |ψ0〉 = −〈ψ0|γ0γαγ1m(x1)|ψ0〉vh 1α (x2)/2
+ 〈s|γ0γα|s〉ivh 2α (x2)∂2/2. (39)
The first term in (39) is zero since it contains an integral∫ ∞
−∞
dx1m(x1) exp
[
2v−1sgn(m)
∫ x1
0
dx′
1
m(x′
1
)
]
∝ exp
[
2v−1sgn(m)
∫ x1
0
dx′
1
m(x′
1
)
]∣∣∣∣∣
x1=∞
x1=−∞
= 0. (40)
The second term in (39) is nonzero for α = 0, 2 due to the property of the two-component
spinor |s〉. The boundary Hamiltonian for the perturbation term is written as
H˜1 ≡ 〈ψ0|H1|ψ0〉 = ζ(x2)(−iv∂2), (41)
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where ζ(x2) = [−sgn(m)h(x2)+sgn(m)h 22 (x2)−h 20 (x2)]/2. The boundary Hamiltonian
for second perturbation term (31)
H˜2 ≡ 〈ψ0|H2|ψ0〉
= −(iv sgn(m)/4)
[
ω
(1)
0 20 + ω
(1)
1 12
]
− (iv/4)
[
ω
(1)
1 01 − ω(1)2 20
]
(42)
≡ χ(x2).
3.2. Effective boundary free energy
Here we calculate the effective free energy functional of the gravitational field of the
boundary mode. Tracing out the boundary fermionic degrees of freedom, the second
order perturbation term in (35) is given by
− βF bdry = 1
2
∑
n
∫
dx2 〈x2|G˜0U˜ G˜0U˜ |x2〉, (43)
where G˜0 = 1/(−iωn+H˜0) is the temperature Green’s function of the boundary fermion,
and U˜ = H˜1 + H˜2. Tracing over the Hilbert space on the x2-coordinate, the effective
free energy becomes
− βF bdry =
∫
dq
2π
∫
dx2dx′
2
eiq(x
2−x′2)
[
Π(2)(q)ζ(x2)ζ(x′
2
)
+2Π(1)(q)ζ(x2)χ(x′
2
) + Π(0)(q)χ(x2)χ(x′
2
)
]
, (44)
where q is the momentum of the gravitational field, and Π(s)(q) is the one-loop integral
of the single-component boundary fermion given by
Π(s)(q) =
vs
2
∑
n
∫
dp
2π
(
2p+ q
2
)s
× 1−iωn + vp
1
−iωn + v(p+ q) . (45)
The leading contribution of the integral over q in (44) is of order q0, where we
expand the integral in the powers of q since the long-wave length behavior of the
gravitational field is of interest. Summation over the Matsubara frequencies gives∑
n(−iωn+ vp)−2 = βdf(vp)/d(vp), where f(ǫ) is the Fermi-Dirac distribution function
at temperature T . The coefficient (45) of the order of q0 is given by
Π(s)(0) =
β
2v
∫
dp
2π
df(p)
dp
ps. (46)
Here we have replaced vp by p for simplicity. Obviously Π(1)(0) = 0, since df(p)/dp is an
even function of p. Furthermore, Π(0)(0) = −β/4πv can be neglected in this study since
the free energy proportional to Π(0)(0) is independent of temperature when substituted
into (44), which indicates that this term is not relevant to the quantized thermal Hall
effect. The only coefficient that is concerned is
Π(2)(0) =
β
v
∫
dp
2π
[θ(−p)− f(p)] p, (47)
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where θ is the Heaviside step function, and is regarded as the zero-temperature
Fermi-Dirac distribution function. At low temperature, the distribution function in
(47) can be expanded with respect to the temperature by the Sommerfeld expansion
f(p) ≃ θ(−p)− (π2T 2/6)(dδ(p)/dp) as
Π(2)(0) ≃ β
v
∫
dp
2π
π2T 2
6
dδ(p)
dp
p = −βπT
2
12v
. (48)
Then the effective free energy is reduced to a simple form as
F bdry =
πT 2
12v
∫ ∞
−∞
dx2[ζ(x2)]2
=
πT 2
48v
∫ ∞
−∞
dx2[−sgn(m)h + sgn(m)h22 − h20]2. (49)
3.3. Bulk thermal Hall conductivity
The energy current jbdryE flowing along the boundary can be read off from the boundary
effective free energy (49). Using an equivalence between the energy current and the
momentum density resulting from the Lorentz invariance, the boundary energy current
is jbdryE ≡ vT 02 ≃ 2v(δF bdry/δh20), which results in
jbdryE =
πT 2
12
[−sgn(m)h + sgn(m)h22 − h20]. (50)
The Streˇda formula for the quantized thermal Hall effect, the form of which is given
in (10), implies that the thermal Hall conductivity is given by ratio of the variation of
the energy magnetization and that of temperature. Thus we consider a two-dimensional
system with the boundary under a spatially homogeneous gravitational potential φ,
and see how the bulk energy magnetization changes according to the change of the
gravitational potential homogeneously. For this purpose, only the first term of the
right-hand side of (50) is considered since this term is proportional to the gravitational
potential φ. The energy magnetization is defined by
jE = ∂ ×ME . (51)
Here, we assume the energy magnetization is uniformly distributed in the bulk as a
response of the uniform bulk gravitational potential φ. This assumption is same as the
one used in the phenomenological theory, that is, the energy magnetization depends only
on the temperature, which is noted just above (10). Since uniform energy magnetization
leads to vanishing bulk energy current due to (51), the energy magnetization in the bulk
can be evaluated entirely by the boundary energy current.
The bulk energy magnetization can be derived from the boundary energy current
by the following argument. Consider a boundary at x1 = 0 separating the bulk region
with mass m (x1 < 0) and outside region with mass −m (x1 > 0). The bulk energy
magnetization at the region with mass m and that with mass −m have opposite sign
since the energy magnetization changes its sign by parity transformation, which is same
as the orbital magnetization in the quantum Hall system. The boundary energy current
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is defined as the energy current flowing in x2-direction in the boundary region where
the energy magnetization changes from bulk value to one in the outer region. Then the
energy magnetization Mz in the bulk x < 0 is given in terms of the boundary energy
current as
jbdryE ≡
∫ ∞
−∞
dx1j2E(x
1)
=
∫ ∞
−∞
dx1(−∂1MzE(x1))
= − (MzE(x1 = +∞)−MzE(x1 = −∞))
= 2MzE , (52)
which results in
MzE = −sgn(m)
πT 2
24
h. (53)
Substituting h = hµµ = 2φ and using the Tolman-Ehrenfest relation (3), the thermal
Hall conductivity is then given by the Streˇda formula for the quantized thermal Hall
effect:
κH = − 1
T
∂MzE
∂φ
= sgn(m)
πT
12
, (54)
which is the quantized thermal Hall conductivity for the Chern number C = sgn(m)/2.
4. Bulk physical quantities
In this section, we elaborate to make a connection between the boundary effective theory
and the bulk quantities of the thermal Hall effect, that is, the thermal Hall current (5)
and the bulk effective free energy (6). The expression of the bulk thermal Hall current is
deduced from the boundary energy current (50), and we conjecture a possible form of the
bulk effective free energy which creates a bulk quantized thermal Hall current. It should
be noted that while the bulk thermal Hall conductivity (54) is a direct consequence of the
boundary effective free energy (49), results in this section may be regarded as somehow
indirect consequence from the boundary theory, since it is unclear whether or not, at
the thermal equilibrium, the thermal Hall current flows in the bulk or only along the
boundary in a fully gapped two-dimensional insulator[32, 33, 34].
4.1. Bulk thermal Hall current
The expression of the bulk energy current can be obtained by considering a two-
dimensional system with the boundary under spatially inhomogeneous gravitational
potential. If the boundary is considered as an isolated one-dimensional system obeying
the free energy (49), the energy current (50) can break the energy conservation law when
the metric varies spatially: ∂2j
bdry
E 6= 0. Here, note that the boundary energy current is
not dependent on time, since the boundary free energy (49) and responses derived from
it are static. The energy conservation law is retained by including incoming energy flow
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from the gapped bulk. The bulk effective free energy is determined to precisely describe
this compensating bulk energy current. The incoming energy current from one side of
the semi-infinite space of the bulk is equal to the other side, since the mass term is
inverted by the time-reversal operation or the parity inversion, which causes inversion
of the thermal Hall coefficient. Thus, the bulk energy current jE near the boundary
satisfies the following equation:
j1E(x
1 = −0) = −j1E(x1 = +0) =
1
2
∂2j
bdry
E . (55)
In the following, we show that only the first term of the right-hand side of (50)
contributes to jbdryE in (55) by taking into account that the bulk energy current, j
1
E
in (55), should not be dependent on details of the boundary, since it results from the
nontrivial topology of the bulk energy bands. To see this, we examine how each term in
(49) changes according to the direction of the boundary. The system is rotated by an
angle θ anticlockwise to define a new boundary. New coordinate variables perpendicular
and parallel to the boundary are introduced as{
x′1 = x1 cos θ + x2 sin θ
x′2 = −x1 sin θ + x2 cos θ ⇔ x
′j = Rj k(θ)x
k, (56)
where Rjk(θ) is the rotation matrix. Derivatives in the new coordinates are given by
∂′j = R
k
j (θ)∂k, (57)
where R kj (θ) is the inverse of R
j
k(θ) (R
k
j (θ) = R
k
j(−θ), and R kj (θ)Rj l(θ) = δkl holds).
The Hamiltonian (29) and (30) has SO(2) rotational symmetry, that is, introducing new
vectors and tensors by
γ′
j
= Rjk(θ)γ
k, (58)
and
h′
j
0(x) = R
j
l(θ)h
l
0(x), (59)
h′
j
k(x) = R
j
l(θ)R
m
k (θ)h
l
m(x), (60)
the Hamiltonian is a scalar quantity with respect to the rotation Rj k(θ): H0[γ′, h′; x′] =
H0[γ, h; x] and U [γ′, h′; x′] = U [γ, h; x]. Note that γ0 and other scalar quantities
contained in the Hamiltonian are unchanged during the rotation. Then the effective
free energy of the new boundary perpendicular to x′1 is given by
F bdry
′
=
πT 2
12v
∫ ∞
−∞
dx′
2
[ζ ′(x′
2
)]2. (61)
Here, ζ ′(x′2) = [−sgn(m)h(x′2) + sgn(m)h′22(x′2)− h′20(x′2)]/2, and thus the boundary
energy current flowing along the x′2-coordinate is
jbdryE
′
=
πT 2
12
[−sgn(m)h+ sgn(m)h′22 − h′20]. (62)
The second and third terms of the right-hand side of (62) explicitly depend on
the boundary angle θ through (59) and (60), while the first term does not. The bulk
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energy current, which is proportional to the Chern number of the bulk energy band,
should not be dependent on the details of the boundary, such as the boundary angle.
Therefore the first term of the right-hand side of (62) can be regarded as a term related
to the bulk energy current by (55). The same conclusion can be given by considering
the number of indices in (55). The right-hand side of the (55) must be a vector quantity
with respect to rotation since the left-hand side is a vector quantity. This condition is
satisfied when jbdryE is a scalar quantity, which results in the first term of the right-hand
side of (62). The bulk energy current corresponding to the boundary energy current
jbdryE = −sgn(m)(πT 2/12)h is given by
jkE = −sgn(m)
πT 2
24
ǫkl∂lh, (63)
the form of which is independent of the direction of the boundary. The equation (63)
exactly represents the quantized thermal Hall effect (5) by substituting h = 2φ from
the metric (18), identifying the energy current with the thermal current, and using the
Tolman-Ehrenfest relation (3). The thermal Hall coefficient is given by
κH = − 1
T
jxE
∂yφ
= sgn(m)
πT
12
, (64)
which is quantized by the Chern number C = sgn(m)/2.
4.2. Effective bulk free energy
The bulk free energy for the quantized thermal Hall effect can be deduced so that it
realizes the energy current (63) as a gravitational response, and is given by
F [h] = −sgn(m)πT
2
48v
∫
d2x ǫklhk0∂lh. (65)
A similar form of the bulk gravitational free energy has also been predicted in Ref. [35].
The free energy (65) is regarded as a static and Lorentz invariant version of one in
Ref. [35].
Total energy conservation can be seen by the translation symmetry of the bulk free
energy together with the boundary free energy in the temporal direction. Under an
infinitesimal coordinate transformation
x′
0 → x0 + ζ0, (66)
the metric varies as δhk0 = ∂kζ0, where we assume ζ
0 is a function of x1 and x2 since we
consider a static theory in this study. The translation (66) leaves the bulk free energy
(65) on a region D unchanged except the boundary term on ∂D given by
δF [h] = −sgn(m)πT
2
48v
∫
D
d2x ǫkl(∂kζ0)(∂lh)
= −sgn(m)πT
2
48v
∫
∂D
dl · (ζ0∂h). (67)
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On the other hand, by defining the boundary parallel to x2 and the bulk in x1 < 0, the
translation (66) makes a change in the boundary free energy as
δ
(
F˜ bdry/2
)
= δ
(
−sgn(m)πT
2
48v
∫
dx2 hh20
)
= sgn(m)
πT 2
48v
∫
dx2 ζ0∂2h, (68)
which precisely cancels the boundary term in (67). Therefore the total free energy is
invariant under the translation (66), and it indicates the energy of the bulk and the
boundary is totally conserved. The boundary free energy F˜ bdry considered here is a
part of (49) that represents the scalar boundary energy current shown above (63), while
the other terms are irrelevant to the variation (66) (h2, hh22, and (h
2
2)
2) or to the bulk
thermal Hall current ((h20)
2 and h22h
2
0). Furthermore the boundary free energy in the
parenthesis of the left-hand side of (68) is a half of it, since the other half corresponds
to the other side of the bulk (x1 > 0).
In the presence of a gravitational potential and a rotation (18), h and hk0 in (65) are
given by h = 2φ and hk0 = (Ωx
2/v,−Ωx1/v). Therefore the integrand of (65) together
with that of half of the boundary free energy is ǫklh∂khl0 = −4φΩ/v. The effective free
energy under the metric (18) is given by
F [φ,Ω] + F˜ bdry[φ,Ω]/2 = −sgn(m)πT
2
48v
∫
d2x ǫklh∂khl0
=
κHT
v2
∫
d2xφΩ. (69)
The free energy (69) realizes the coupling of the gravitational potential and the angular
momentum, which is the same form as the phenomenologically derived free energy
presented in (6). However, it turns out that, from the field theoretical method, the
coefficient in (69) is half of that predicted in [24].
5. Discussion
Using the finite-temperature field theoretical method, we have derived microscopically
a boundary effective free energy functional of the gravitational field, and show that
this free energy accounts for the quantized thermal Hall effect of a gapped fermionic
system in two-dimension. This result gives a novel insight into the effective theory of the
quantized thermal Hall effect that the boundary effective theory, derived microscopically
from the gapped fermionic theory, is sufficient to account for the bulk quantized thermal
Hall conductivity, unlike previous studies of bulk effective theories for the quantized
thermal Hall effect and the case of the quantum Hall effect. However, connecting the
boundary effective theory with the expression of the bulk thermal Hall current and the
bulk effective theory requires further speculation. After making this connection, our
boundary effective theory is shown to be consistent with some of previous bulk effective
theories[24, 35].
Finite-temperature effective boundary theory of the quantized thermal Hall effect 16
The method we have used to study the effective theory is valid for a system in
thermal equilibrium. Thus the thermal current and transport coefficient derived from
our effective theory are considered as those for equilibrium responses. Obviously, chiral
boundary energy current in a topological insulator can flow even in thermal equilibrium
as the boundary electric current does. Thus there is no doubt that the quantized thermal
Hall coefficient in the bulk can be derived from our boundary theory, since it depends
only on the boundary energy current. On the other hand, it is not yet clear whether the
bulk thermal Hall current flows in thermal equilibrium or not. In our study, however, we
have also given the expression of the bulk thermal Hall current within the equilibrium
thermal response.
6. Conclusion
In this study, we have considered the Hamiltonian of the two-dimensional massive Dirac
fermion under a static gravitational field which contains the gravitational potential
mimicking temperature gradient, and the angular velocity coupling to the momentum
density. We place this model in a semi-infinite plane with boundary, and consider
thermal equilibrium at a finite temperature.
At first, the bulk Hamiltonian is projected onto the boundary. Then the boundary
free energy is calculated from the chiral gapless boundary fermion by tracing out the
fermionic degrees of freedom and perturbatively expanding the free energy with respect
to the metric. We have shown that the gravitational response of the boundary free
energy at the boundary determines the bulk energy magnetization, and it explains the
quantized thermal Hall conductivity through the Streˇda formula.
Furthermore, the bulk energy current is evaluated from the boundary energy current
to ensure that the total energy is conserved in the whole system. The resulting bulk
energy current precisely represents the thermal Hall effect. The effective free energy
functional (65) for the two-dimensional massive Dirac fermion is then deduced to realize
the bulk energy current. The bulk effective free energy reproduces the same form as
the phenomenologically derived effective free energy (6) by substituting a metric of a
gravitational potential in a rotating frame.
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